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Abstract 

We describe a method for obtaining relations between higher derivative interac- 
tions in supersymmetric effective actions. The method extends to ah orders in the 
momentum expansion. As an apphcation, we consider the string couphng dependence 
of the &^X^^ interaction in type IIB string theory. Using supersymmetry, we show 
that each of these interactions satisfies a Poisson equation on the moduli space with 
sources determined by lower momentum interactions. We argue that these protected 
couplings are only renormalized by a finite number of string loops together with non- 
perturbative terms. Finally, we explore some consequences of the Poisson equation 
for low values of k. 
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1 Introduction 

The string effective action fias an intricate and beautiful structure. The higher derivative 
interactions in the effective action play an important role in understanding the ultraviolet 
structure of the theory beyond both the supergravity approximation and the perturba- 
tive string approximation. These interactions also play a role in resolving singularities of 
classical supergravity solutions and in improving our understanding of non-perturbative 
dualities. 

A direct study of the space-time action is, in many ways, complimentary to S-matrix 
computations in perturbative string theory. The former gives non-perturbative results in 
the string coupling but usually to a fixed order in the momentum expansion. The latter 
gives results to all orders in the momentum expansion but to a fixed order in the string 
coupling expansion. Combining the data from both approaches will help determine the 
structure of the complete non-perturbative S-matrix. 

In this work, we will be concerned with the IPI effective action which is duality invariant. 
Our main result will be to explain how to derive recursion relations relating special higher 
momentum interactions. The method applies quite generally though we will focus on the 
case of type IIB string theory in ten dimensions. 

We will show that each special interaction satisfies a Poisson equation on the moduli 
space with sources at most cubic in the couplings of lower momentum operators. For other 
choices of couplings, this structure will generalize to a system of equations with sources. We 
will focus on the simplest examples in this work which satisfy second order equations. As 
a consequence of this constraint, these interactions do not receive string loop contributions 
beyond a certain loop order extending the result of [1]. They do, however, receive non- 
perturbative corrections which might be interpretable as coming from D-instantons in some 
cases, or bound-states of D-instantons and D-anti-instantons. This leads to a quite beautiful 
interplay between modular forms and space-time couplings. It would be exciting to relate 
the non-perturbative efTects to twisted partition functions of brane systems along the lines 
of [2]. 

There has been considerable work devoted to understanding higher derivative interac- 
tions in theories with maximal supersymmetry in different dimensions. Most of the analysis 
involves the first few terms in the a' expansion of the effective action; for a selection of 
papers, see [1-18]. Of particular interest to us are interactions in ten-dimensional type IIB 
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string theory of the form 

/r^r, r)D2'=7^^ (1.1) 

where fk^'^\T, f) is a string couphng-dependent coefficient function. For low values of k, a 
great deal is known or conjectured about these [4,8,9,11,15], 

/(°'°)(r, f) = Ey.ir, f ), /rV, f) = i?5/2(r, r), (1.2) 

while satisfies 

*r^l^,fr\r.f) = 12/r'(r,f) -6(/^V.r))^ (1.3) 
Here Es{t, f) is the non-holomorphic Eisenstein series given in Appendix [Bl 

1.1 A sketch of the argument 

Before we delve into a complete analysis, it worth sketching schematically the basic idea 
about why there should recursion relations relating an infinite set of higher momentum op- 
erators. Let us first recall that type JIB supergravity enjoys a U{1) symmetry which is bro- 
ken in string theory by non-perturbative interactions like those mediated by D-instantons. 
For a review, see [19]. Let us recall the U{1) charge assignment to the various fields and 
parameters of type IIB supergravity given by [20,21], 

[G] = l, [A] = | [F5]=0, M = 0, [V^] = ^, [9r]=2, [e] = ^, (1.4) 

where e is the supersymmetry transformation parameter, A is the dilatino, ip the grav- 
itino, g^i, the metric, r the string coupling, the self-dual 5-form field strength and G 
the complex 3-form field strength. A field carrying U{1) charge q has modular weight 
(— g/2, g/2) under SL{2,'Z) transformations. Some relevant properties of modular forms 
are summarized in Appendix [B] 

Now at the eight derivative level, there is a nice superfield formalism that relates cou- 
plings like 

/r)(r,f)7^^ + ... + /(^^'-l^)(r,f)A^^ (1.5) 

Supersymmetry naturally constrains the coupling containing the most fermions which deter- 
mines /(^2,-i2) gj^Q-^n in i^gj extending the arguments of [22-24]. The /(^2,-i2) coefficient 
function for A^^ is proportional to 

D^,■.■Dof|,'^'\T,f) (1.6) 
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where /q ' (r, f ) appears in fll.2p and are modular covariant derivatives defined in 
Appendix [HI 

This hne of reasoning leads to constraints so long as you have moduli-dependent fermionic 
couplings which do not vanish when you apply supersymmetry to the moduli-dependent 
coefficients. However, at some point in the momentum expansion, we will simply run out 
of fermions to use to build interactions so we expect this kind of argument to extend to a 
finite (but high) order in the momentum expansion. 

Now this is a little too simplistic. A complete analysis of the supersymmetry constraints 
for maximally supersymmetric -|- 1-dimensional Yang-Mills was performed in [25]. In that 
analysis, relations were found to all orders in the momentum expansion but they related a 
special coupling at order 2k in the derivative expansion to couplings (both protected and 
unprotected) at order 2{k — 1). What we will show in this work is that there is a much 
richer and more powerful set of recursion relations when one considers field theory rather 
than quantum mechanics. 

We are going to consider operators of the form G^'^X^^ in type IIB string theory. The 
case G^A^^ was already studied in [11] where the coefficient function was argued to be 
proportional to 

D,s---Dofi'''\T,f) (1.7) 

where f2^'^\T, f) is given in (II. 2p . 

We expect these couplings to be related to D'^^TZ'^ by supersymmetry giving a schematic 
structure 

analogous to (11.51) . Unfortunately, the relation between these interactions cannot be ob- 
tained from any (simple) superspace argument and it remains an outstanding question to 
obtain a precise relation. 

To see what is special about these particular interactions, note that the supercovariant 
combination, G^j.p, contains a chiral gravitino coupling 4'[^'yu4'p\- We can expand powers of 
G as follows: 

G"' = (^V^)2^G2('=-^) + . . . . (1.9) 

Here 2A^ denotes the largest non-vanishing power of {ip'^') which we will determine later. 
The exact value of is unimportant. The omitted terms involve less fermions. Expanding 
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the chiral space-time couplings of interest gives 

^{i2+fc,-i2-fc)(^^ f )Ai6 G^fe ^ ^{i2+fe,-i2-fc)(^^ f )A^6(^V^)2^G2('=~^) + . . . . (1.10) 

Again the omitted terms have fewer fermions. Now the key point is what happens under a 
variation of f which gives, 

6 (/(^2+fc,-12-fc)^^^^);^16(^^)27V^2(A:-iV)^ ^ ^^(12+A:,-12-fc) ^ 

A^^(^^)2^G'2('=-^) + .... (1.11) 

To obtain a constraint, this term cannot mix with any higher fermion term of the same 
order in the momentum expansion. Such a term would have the schematic structure 

A*Ai^(V'V')''^G'2(^-^)-i X F. (1.12) 

The fermion F must vary into G. After quickly perusing Appendix [Aj we see that the only 
fermions with this property are (A, ip) but the resulting coupling then vanishes by Fermi 
statistics. Therefore the coupling (11.101) should be special and constrained. 

Now in this argument we have ignored several issues: the first is mixing with other 
couplings with the same number of fermions; the second is mixing with terms in the super- 
gravity action via higher derivative corrections to the supersymmetry transformations; the 
final issue is mixing with source terms from lower derivative interactions (but still beyond 
supergravity) again via corrections to the supersymmetry transformations. We will address 
all of these issues in the bulk of this work but the above argument gives the core reason to 
expect constraints. It is very general. We expect similar reasoning to apply to protected 
couplings in theories with N=4, N=2 and perhaps even N=l supersymmetry. 

1.2 A brief summary 

Let us summarize the results. In addition to the G^'^A^^ interaction with coefficient function 
/(i2+fc,-i2-fe)(^^^)^ we also need to consider G^'^X^^Y^*^ and G^^''-^\G>"'PG*^^p)X^^ which 
have the same coefficient function f^^^~^^'~^^~'''\T,f). These modular forms satisfy two 
coupled equations which are derived in section [2l The first equation is a Poisson equation 
on the fundamental domain of SL{2,Z) for /(^^+''''^^^"'')(r, r), 

k' 
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with eigenvalue ak and source terms with coefficients {bkk',Ckk')- The source terms arise 
from interactions in the effective action beyond supergravity but at an order A;' < A; in 
the effective action. The source terms themselves are special and only involve interactions 
related to D'^^ TZ^ by supersymmetry. 

The second equation has a similar form, 



with sources appearing with coefficients {dkk' ■, ^kk') ■ In principle, all the numerical coeffi- 
cients {ak,bkk',Ckk',dkk',Gkk') are determined by supersymmetry. In practice, it is simpler 
to fix their values for specific choices of k by using additional data from perturbative string 
and supergravity computations. It is possible that some underlying topological string the- 
ory might be useful for determining the coefficients. Though the equations have an intri- 
cate recursive structure, they involve a very specific pattern of interactions that is highly 
constrained. Also note that there can be different equations for each possible space-time 
structure appearing in G'^'^. However, they all have the form of (11.131) and f ll.l4p . just with 
different coefficients. 

The existence of the recursion relations (11.131) and (11.140 leads to a variety of results 
for these protected couplings which are explored in section El The protected couplings 
receive only a finite number of perturbative string loop contributions regardless of how 
large k might be. We expect a version of this result to also hold for D^^TZ^ and many other 
special couplings using supersymmetry to relate the couplings with the schematic structure 
depicted in (11.81) . There should be a sort of supermultiplet of couplings built from G^'^A^^ 
which enjoys special renormalization properties. 

Using supersymmetry to chain from the maximal fermion interactions to couplings with 
fewer or no fermions like D'^'^TZ^ can lead to much more complex equations for the coefficient 
functions of the less fermionic interactions. This comes about because the less fermionic 
couplings mix with many couplings of different space-time structure each with its own set 
of modular forms. Some of the interactions for a fixed space-time structure can therefore 
involve modular forms z{t, f) which split into 



+ E {dkk'f^''-'''^-''-'y^'-'''''-'^ + ekk'f^''"-''' 



12-k') f(k 



l,k'-k+l) 



), (1-14) 



k' 




(1.15) 
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where each Zj(r, f) satisfies a Poisson equation sourced by interactions in the effective action. 
In turn, each of these sources can involve more than one modular form leading to a highly 
intricate, nested structure discussed more in section O 

2 Deriving the Recursion Relations 

We consider the space-time interactions in the low energy effective action given by 

dete/(^2+fc,-i2-fc)(^^ -^^2k yi,^ ^2.16) 

which we expect are related to D^^TV" as part of a supermultiplet of couplings obtained us- 
ing supersymmetry along the lines described in section [TTTl Here y(i2+A:,-i2-fc) jg ^ modular 
form of weight (12 + A;, —12 — A;) defined in ( ]B.160I) . In principle, knowing the coupling (]2.16p 
should be enough to determine all the couplings of the supermultiplet using SL{2,'Z) in- 
variance and supersymmetry. 

Since A^^ forms a spacetime scalar, G"^^ forms a scalar as well, and we need to know the 
index contractions. Among the various possible interactions, we shall focus on a particular 
contraction only, though we will discuss how the results generalize to the other cases. 
Couplings of the form G^^~^7l^ have been discussed in the literature [26-28]. Our results 
differ from the earlier conjectures of [28]. 

The structure G^^~^7^'' gives couplings 7^^, G^T^^, G^V}, . . . but not ones of the form 
G^TZ"^, G^^TZ'^, .... However, it is easy to work out the specific space-time structure we want 
to study based on the details of the spacetime structure of the G'^^~^TZ'^ couplings, which we 
briefly sketch. These couplings were first determined in six dimensions and then a Lorentz 
covariant expression for these interactions was obtained in eight dimensions of the form 

/■n/iii'lPl -p/i4!^4P4 ra2 MS ra4] TT tt V ^-r)4 (9 T7\ 

" aifei ■ ■ a4b4, "[bi "b2 % %] ""pii^iPi • • " -"P4!^4P4 J ■ K"^-^' ) 

Here H^^p is the RR 3-form field strength obtained from ten dimensions. There is an 
additional eight-dimensional field strength in the RR sector coming from which we 
drop. Among other terms, this gives 

j d^x[{Hp,pH^'P)\H,^i.H^^^fy'\^ ~ j d^xH^'-^n\ (2.18) 

Because the interactions G^TZ'^, G^'^TZ'^, . . . are also non- vanishing, we conclude that the 
combination H^ypH^^^P must arise. SL{2,Z) invariance and supercovariantizing then leads 
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to the combination GnupG^"^. We shall therefore focus on the structure {G^upG^^^Y ^'^^ 
and drop all other space-time structures. So 

G^^ = [G^^^G^^'P)'' (2.19) 

for our purposes. 

Now consider the following interactions 

which are in the action S^^^^'' at 0{a'''^^) where we normalize the supergravity contribution 
to be 0(1) in a'. Here 

These three interactions are special in the sense that they mix with each other under 
supersymmetry but with no other interactions in the effective action at the same order in 
a'. 

2.1 Sufficiently small k 

First we consider the case when k < N is sufficiently small so that 

G^'' = {-Qif''{tp*^^YV^^llu^p])'' + ■■■ = i-Qi^^f" + .... (2.22) 
2.1.1 Contributions from L^^^^^ and L^^^ 

Let us first consider the contributions only from L^''+^'> and the supergravity action 
We shall consider the source contributions from the terms in the effective action which are 
intermediate in orders of a' later. 
Take the interactions from fl2.20p . 

= dete/(i2+fc,-i2-/c)(^^ f )(-6#^)2'=Al^ 

Lt'^ = dete/(^^+^'-^^-'=)(r, f)i-6t^^r X^'^r,, 

4^+3) = dete/(^^+^'-"-'=)(r,f)(-6^7/'^)'('^-i)(G''''''G';,^)A'', (2.23) 

and consider their variations under the linearized supersymmetry transformation, S^^^ , given 
in Appendix lAl into 

dete(-6#V')^^A^^(e*7^V'P- 
7 



We find that 

+dete/(i2+'='-i2-'=)(r,f)Ai6(<5(°)G2fc) + _ _ _ 

+detef'^+''^-'^-^\T,f)X'%d^'^G^^) + .... (2.24) 

The last term receives two kinds of contributions: one is of the form (%jj^y^''^^\^^)-(ip6^^^-'tp) 
given by the supervariation d'^^^ip^. This involves the piece of D^e of the form [20] 

i — — — 

Dij,e = --{^uln'>l^c + V't^TaV'M + + ■ ■ ■ , (2.25) 

and the ip*'^e term in F5. The other contribution is of the form ['^ipy'^^~^\'^'^) ■ (■0*5^°^ A) 
using 

and gives a contribution of the required type after using a Fierz identity. The precise 
numerical values are not relevant for our purposes, and we finally find that 

5(o)^M ^ ^g^g^(i2+fc,-i2-fe)(^^ f){-Qiijijf^\^\t*Yr^^ + • ■ ■ ■ (2.26) 
We also find that 

^(o)^(fc+3) ^ dete5(°)(/(^i+'='-i^-'=)(T,f)A^57'^^;)(-6z^^)2'= 

+dete/(i^+*^'-^^-'=)(T,f)A^VV';(^^°H(-6«V'V')'*^) + ■ ■ ■ 
= 2idete(-6iV'V')'''A^^(r7'^V;) ^) 

+dete/(^^+*^'-^^-^)(r, f )A V^^^^^Hl-S^^)'") + • • • • (2-27) 

The second term receives a contribution from 5^^'>'4> ~ '4>X^, leading to 

^(o)^(fc+3) ^ 2idete(-6iV'V')'^A^^(e*7'^V;)^ii+fe/^''+'''"''"^n^, f ) + . . . . (2.28) 

We have kept track of the factors to show the emergence of the modular covariant derivative 
with the correct modular weight. We finally also see that 

^(o)^(fe+3) ^ + . . . . (2.29) 
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Thus 



+f''+'^-''-'>iT,f)jdetei-Qi^PiPy'X'*'ie*Yi^;) + .... (2.30) 
Next we consider the variations under hnearized supersymmetry into 

(dete)(-6#V')2^'A^^(eA*). 

We find that 

+dete/(^2+^'-i2-'=)(r, f )Ai^5(°)((-6#^)2'=) + . . . 

= -2zdete(-62V^V^)'^A^'^(eA*)D_i2/(''+''-''-'^)(^, ^) 
+dete/(^2+fc,-i2-fc)(^^ f)Ai^5(°)((-6^^V^)''') + • ■ • 

= -2^dete(-6zV^V^)2^Ai6(eA*)D_(i2+fc)/(^'+''-^'-'=H^, r) + . . . , (2.31) 

where for the last term we have used 6^^^ip ~ '?/'A*e*. Again we get the modular covariant 
derivative with the correct modular weight. Also, we see that 

~ zdete/("+'='-i^-^)(r,f)(-6^^^)2'=A^^(eA*) + ..., (2.32) 

where we have used [8] 

Ai55(o)(^M^*) = i5i\^^{eX*). (2.33) 

Finally, 

^(o)^(fc+3) _ •^g^g^"(ii+fc,-ii-fc)(^^ f )(-6#V^)2'^Ai^(eA*) + . . . . (2.34) 

In the calculation of f l2.34p . the relevant supervariations that give us the required spacetime 
structure involve 

5(o)e ~ e*^, 5(°)A ~ e*P ~ e*VA, ~ Ge*, 



and 



~ ((5(°V)A* + ^((5(°)A*) ~ Ge*A* + ^e*^* ~ ^^e*A*. 



To show that they give the spacetime structure in (I2.34p . one has to use the Fierz identity 
extensively. To summarize: 

_^jiii+k,-ii-k)^^^-^ + /("+^-'-ii-'=)(r,f))dete(-6#V^)2^'Ai6(eA*) + . . . . (2.35) 

Let us now consider the contributions from supergravity. First consider contributions 
from which give us {—6iilJiljy^X^^{eX*). Let us start with the A*^A^ term in the 

supergravity action given by (ignoring an overall coefficient of 1/256) [8] 

= dete(A*7'^'^^A)(A7^.pA*)E (2.36) 

Note that this term is not obtained from the term in the action because of the spinor 
identity flA.157p . and has to be constructed separately. Consider the set of supervariations 
given by 

+ (A^^).d(^73(r,r)(7°)a6eS + ^?4(r,f)(7V)a.(7Me*)d (2.37) 

which are all the possible supervariations that survive for k = 0. We set (76 = by redefining 

91^91 + f , (2.38) 

and using the identity 

{l,upl%clT - (7..p7°)ac7r + il,upl\,lT = 0. (2.39) 

The identity (12.391) can be proved by noticing that the expression is antisymmetric in (c, d) 
and thinking of (a, b) as irrelevant indices. Thus constraints of chirality and antisymmetry 
force it to be proportional to {'yf_iup1^)dc- Note that (7;i7°)dc and (7;xi...^5 7°)dc are symmetric 
in (c, d). This immediately leads to (12.391) after multiplying by (7°7cricr2(73)cd. 
Now (12.371) gives us the relation 

^_^5(.+3)^(o) ^ ,(_6,^^)2^^(^^ f)deteAi6^eA*), (2.40) 
io ■ oZ 



^Note that (A*7^''''A)(A7^i,pA*) = 6(A*7''A)(A7^A*) by Fierzing, so this expression is the unique one. 
^This proof is along the Unes of Appendix 4. A in [29]. 
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where 

g{r, f) = -480(7i(r, f ) - 2(72(r, r) + ^g^{T, f) - 2{)g^{T, f) 

-30(75(r,r)- 1680(77(r,r). (2.41) 

Note that gij, f) is independent of g^i^T, f). 

We now impose the constraint of closure of the supersymmetry algebra to vastly reduce 
the number of coefficients in (12.371) . Since we do not have an off-shell superspace formalism, 
the supersymmetry algebra closes only with the use of the equations of motion for the 
fermionic fields, modulo various local symmetry transformations of the theory. 

We begin by considering 

5 = 5(o) + a"=+35('=+3), (2.42) 

and restrict only to the part of [(5i,(52]A* that depends on ei and eg. The commutator of 
two supersymmetry transformations gives, 

[5,, = {[5f\ 5f ] + a'^+^[5f\ 5^')] + a"+'[5f^'\ 5f ]) A* + . . . . (2.43) 

The supergravity contribution is given by [20] 

[5f\5T]K = eD,K + ^[- lie^^ueiK, + ^{e2lu,u,useih:r''') il'D,y), + . . . , (2.44) 

where 

e = ^e27'^ei- (2.45) 
We see that closure follows after using the free equation of motion. The specific space-time 
structure in fl2.44p is crucial in determining the higher derivative corrections. 
Let us next consider [6f^\62'''^^'^]X* ■ Keeping only the relevant terms, we find 

-6tk{-6t^^)'^'-'^gr{X''),,{Y'''l\c{l,^^^^^^ 

+ l(-6#V^)2'=<7i(etA)(Ai^)e.(7'^'^V)dc(7M.pe;)a, (2.46) 

where we have used the Fierz identity. The second term in (I2.46P gives a contribution 
different from the others which we discuss later. 

In calculating the first term, we see that the contributions from the other gi functions do 
not give the space-time structure appearing in (12.441) . and so they vanish. The contributions 
from g2, gs, g^, gr, and gs involve a term with 5 gamma matrices of the form 

(A'').(e27.....5ei)(7'^^-^^7°)a., (2.47) 
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while fl2.44p has no more than 3 gamma matrices, and so they vanish. The contribution 
from (yf4 gives the spacetime structure 

- lie^lue.K, + Y^{^2lu...u,er)l7r' (2-48) 

and so = 0. Simply the space-time structure of (12.441) therefore allows only one non- 
vanishing coefficient in (12.371) . The last term in (I2.46P is a supersymmetry transformation 
of the type (12371) with 

6 = -^(Aet)62. (2.49) 

The second term in (I2.46p gets a non-trivial contribution from S^^ijj* ~ eiG* and is 
proportional to 

zk{-6zijijf^'-'\G^''PG;jg,{X'%[ - ^ihlue^Kt + ^i^2l..u,.,e,)rar''')ll (2-50) 
We see that 

[5f+^Uf]A: = (2.51) 

for this type of contribution. Thus closure of the supersymmetry algebra for A* gives the 
dilatino equation of motion 

7V^M^* +a'^+3(Dfe+n^?i)(-6#V^)''Ai5 

+a"'+^gi{-6i^^f^''-^\G^"'PG*^^p)X^^ + . . . = 0. (2.52) 

We began by considering only those supervariations which survive for k = 0. We can 
also have other supervariations which contribute only for k >2. For example, we can have 
something like 

s^'^''>K-i^i^y^'-'\r^''r'r'W[p,i^^^^^^ (2.53) 

among many other possibilities. However, arguing along the same lines as above, we find 
that there are actually (and remarkably) no other terms. 

Next we consider the contribution from the X^ipipip part of the action, which comes from 
expanding the G- G* coupling. There are two contributions of the form X*'ijj'ijj(6^''~^^^'ijj) and 

(5(fc+3)^*)^^^_ 

Let us first study contributions from A*-?/'-?/'((5*-*''^^V)- Dropping an irrelevant numerical 
factor, consider the term in the Lagrangian 

4°) = -6^dete(^[;7.^,])(A7[^V]). (2.54) 

12 



' <Tio-20'3 ) 



Supercovariance of the theory allows the possible super- variation 
which, after using 

^(fc+3)^(o) ^ _Q,dete(^^x^^^'^s^'+''>rWi,lu^Pp]) + 2{^PlJ,6^'+'^^p]){Xl^^''r^)), (2.55) 
gives 

^(fc+3)^{o) _ ^(_6i^^)2fcp(^^ f)deteA^^(eA*), (2.56) 

where 

p(r, f) ~pi(r, f) +^2(1-, r), (2.57) 
after extensive use of the Fierz identity and the relation 

G^,,G,,,,,,\Y''Y"'"''Ye* = -6G^\e* + .... (2.58) 

Using the symmetry under interchange of pi and p2, we can set P2 = 0- In fact, we shall 
only use the closure of j^ip^, where the two contributions are proportional. 

We now use the closure of the supersymmetry algebra on 7^"?/^^ to constrain pi (which 
is easier to calculate than the closure of tpfj,). First consider the closure at the level of 



supergravity where we keep on 
make use of the definitions [20 



ill 



y the terms proportional to eiCg-D'?/' in our analysis. We 



rpa of) Aa /~i -\ra rpf) 

D^e = i (e^T^I.epH + e^d^.e^-^^ + e^^d^^Cp^^^^^'e + . . . , (2.59) 
and the supersymmetry variation 

= V^r^p^X* + K_"e7/.vA + 4^VV°e7[^C] + 4^V?e*7[^^,] (2.60) 
where are the global SU{1^ 1) indices. We have also used 

-e^pV^v!^ = l. (2.61) 



^The term proportional to Q^e in S'^^^ip^ is not needed because S'^'^^V^ — V"e*\, and does not vary into 
a gravitino. We shall consider the additional supervariation to G^^p coming from the compensating U{1) 
gauge transformation later. It is not relevant for the present analysis. 
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This gives us 

-\t2 (l,Dy,i,,^ + 7p/^[.^^] + 7.^[M^p]) {l^Y'e.r (2.62) 

since the term involving F5 vanishes using '~i^'~i^^...^r-,'~i^ = 0. Using the Fierz identity again, 
we obtain 

+^(e27''^''^''^ei) ( - l.,a,.,r''D,^, + 37.,.,(7'^^.3^m - ^0^^,,)^ . (2.63) 

Note that there is no term involving (e27'^^ ''^^ei). 
For our purposes, it is enough to consider 

[5f\5TW%)a = l{ie2lae^h:, - ^ie2l.,..aseih:r^'){Y''D,^lj^f. (2.64) 

The remaining terms in f|2.63p are obtained from the closure of 6^^]ipfj_ by acting with 
7^. They involve contributions from the equation of motion in [S^\ S^^jtpfj, as well as from 
the transformations 

^2^]^, = CD.^, + D^e + . . . , (2.65) 

where 

e = -tfj^C + ■■■, (2.66) 
leading to (see section 1.9 of [30] for a relevant discussion) 

[6['\ 5^]^, = CiD,^, - D.^p,) + .... (2.67) 

These are the only local symmetry transformations appearing in the closure that involve 
Dip. They correspond to general coordinate transformations and supersymmetry transfor- 
mations, respectively. Thus the e27'^^'^^'^^ei term in fl2.63p receives contributions only from 
the equation of motion. However, the e27'^ei term in fl2.63l) receives contributions from 
both the equations of motion as well as from the local symmetry transformations. 

Proceeding as before, we can calculate the closure involving the higher derivative cor- 
rections. This gives. 
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{p, + g,)G''{\''Y[ie,j^e,)ra, + (e27.....3ei)7:r^'^^)7.°.. (2.68) 

In f l2.68p . the relevant supergravity transformations involving pi are given by ^^^^A ~ eG 
and 6^^^tp ~ while those involving gi are given by ~ A*Ae. Some of them give 

the required terms directly, while the rest give the required terms on Fierzing between ijj* 
and A. 

Note that unlike the previous case, we do not need to work out the specific coefficients 
in the closure in (12.681) . Earlier, even though we are not interested in the exact coefficients, 
we needed the exact coefficients in the closure to eliminate all but one coefficient in S^'^^^^X*. 
However here we have only one coefficient to begin with so it is good enough to show that 
the expected terms in the supergravity closure (and no others) arise in the closure involving 
higher derivatives!^ 

Therefore closure of the supersymmetry algebra for ip gives the gravitino equation of 
motion 

'y^Y'^PD^^p + ^ g^){-Qi^^f''YX^^ + . . . = 0. (2.69) 

Next consider the contribution from (S^''^^^ X*)%jj%jj%jj . The possible supervariations are 
given by 

^(.+3)^* = (Ai^),G2(^-i)(Ae*)(V5;r*^A)(7'^rM7°)a6, (2.70) 

where F*^ = {1, l'^'^, ^mi-- M4 Note that the only supercovariant supervariation has F^ = 1, 
because ~ '?/'*A. However, every term in fl2.70p is actually proportional to 

and is inconsistent with the closure of the superalgebra fl2.44p . Hence there are no such 
contributions. 

There are no contributions from the (ipip*)'^ and X{ipipip)* terms in the action. The only 
remaining possibility is a contribution from the XX*ipip* term in the action given by 

This comes from the P ■ P*, G ■ G*, and terms in the action. Thus 

lP ~ dete[(V^;A)(AV'^*) + CW^''r^){^,lupX) + {XY^---^'^X){^,,^,,,,M]. (2.71) 

^This will be the strategy followed later on as well. It could be that the specific space-time structure 
does not match, in which case, the corresponding coefficient vanishes. 
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It is not difficult to construct 5^''^^^ip* such that 

^('=+3)^(0) _ detei-6i^ljilj)''X'\eX*). 

For example, we can take 



•p vrpi 

+ (A1^)^G2('^-i)G/^^H^;7p.7°)%*, (2.72) 



where every term is multiplied by a modular form. However, no supervariation of ip* is 
consistent with the closure of the supersymmetry algebra given by (12.641) . This is because 
the contribution of the type (e27°"^" '^^ei) to ([(5|°'', ^2*^'''^''] + [^i'~^^\^2'^])'^* is nonvanishing 
which contradicts (I2.64p . From now on, we will list only non-trivial supervariations. 
Next consider contributions from 5{*^+3)/,(o) which give 

There are no supervariations ^'•^"'"^V* or 5^''~^^^X* which give the required S^'^'^^^L^^^ terms 
and are consistent with the closure of the superalgebra. 

If this were the complete analysis, from fl^m?]) . ^M), ^M, ^M, and ^M), 

it would follow that 

g,^p,^ _ pi+k,-u^k)^ (2.73) 

and that 
leading to 

n 7=) /■(12+fc,-12-fc) /■(12+fc,-12-fc) rjr\ 

J^k+ii^-{i2+k)J^ ' ^ ■ (2.75) 

The couplings would satisfy Laplace equations on the fundamental domain of SL{2,Z). 

What is missing from the discussion are the source terms. So we next consider the 
contributions coming from terms in the effective action which are intermediate orders in 
a'. These sources correct the Laplace equations to Poisson equations. The basic idea is to 
further use the constraints coming from supersymmetry 

oo oo 

(^5(0) + ^ «'^+35(fc+3) j (^^(0) + ^ a'fc+s^C^+s) j ^ Q (2.76) 

A:=0 k=0 
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Apart from the invariance of the supergravity action, the existence of the supersymmetry 
imphes 

5(0)^(^+3) +5(fe+3)^(0)^ ^ ^M^(n)_Q_ ^2.77) 

m>0,n>0,m+n=fc+3 

Only for k = and 2 does the last term in (12 .771) . which contains the source terms, not 
contribute. For those special cases, (12.751) gives the complete answer. The remaining 
equations all receive contributions from the source terms to which we will turn later. 

2.1.2 The specific cases of A; = and k = 2 

We now consider the equations in (12.751) for k = and 2. The constants of proportionality 
can be completely fixed using the expression for the four graviton amplitude at genus 
zero [31,32], 

.tree. , , ^ _ 2 r(-«-./4)r(-a-t/4)r(-aV4) 

^ ' ' ' ^ r(l + a's/A)T{l + a't/A)T{l + a'u/A) 



-2 ' + 2C(3) + ^a"{s' + t' + u') + ^a"{s' + + u') 

.a-^stu lb 9o 

C(7) ,4. 2 , .2 , .,2^2 , C(3)C(5) ^ 



512 ^ ' 1280 ^ J J ^ K J 

where s, t, and u are the Mandelstam variables and s + t + u = 0. 

Let us consider the k = case first. From (12.781) . we see that the TZ^ interaction has a 
tree level contribution proportional to C{3)t2^'^ in Einstein frame where the metric is duality 
invariant. Also it can be shown that the genus one amplitude has a power law dependence 
in T2 (this is also true for the genus two amplitude for the k = 2 case which we discuss 
next). Because this has a unique space-time structure along with X^^j'^ip'^, it follows that 
the tree-level contribution to 

Ao.../^oC(3)r|/'~C(3)r|/' 

and so [6,8] 

D_,,Duf^'''-''\r,r) = -^/(^^'-")(r, f ). (2.79) 

lo 

Next consider the G^X^^^^ip*^ interaction. We have looked at the part of the interaction 
which involves {G^'^^G^upY- However a similar analysis for the other space-time structures 
shows that the modular forms multiplying them satisfy (I2.75P as well with possibly different 
coefficients. However, because these modular forms cannot receive perturbative contribu- 
tions beyond genus two [1], and the genus one contribution vanishes [33], we conclude that 
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these modular forms satisfy the same Laplace equation and contribute perturbatively only 
at genus zero and two. Thus they are all proportional to each other. In fact, the complete 
spacetime structure can be deduced using topological string amplitudes and is proportional 
to [11] 

90(G"^^^G,.,)2 - 15G,,.,,,G'^^^^^^G^;.3,,G,f + G,..,p,G^^^^''^G,7^^G%.,. (2.80) 

Noting that the genus zero Einstein frame D^TZ'^ interaction is proportional to C{5)t2^'^, we 
see that 

~ . . . DoC(5)r,^/^ - ab)rl'\ 

leading to [11] 

/^-i4/^i3/(^^'-^^Hr, r) = -^/(^=^-^^Hr,r). (2.81) 

lo 

In fact, these modular forms for A; = and 2 are given by [28] 

(m + nT)9+i+^/'^{m + nf)9-9+V2 



9+1/2 

xfe-g)/ '2 ('2 82"! 

(m,n)7^(0,0) 



for ((?, g) = (1, 11) and (2, 13) respectively. In this presentation, the modular forms satisfy 
the equation 

4D_(,+i)Z}j('''-«)(r, r) = + g + i) - g - ^^^f^'^Kr, r). (2.83) 
We now turn to the contributions from the source terms. 
2.1.3 The source term contributions for /c = 3 

Let us first consider in some detail the /c = 3 case which is the first instance where the 
source term contributes. The various technical details and arguments are along the lines of 
the preceding discussion so we will only mention the main results. The analysis involving 
(S'*^^'', S'*^*'^) and (5*-^'', 5*-°'') already appears in section [2.1.11 So we only need to consider the 
contributions involving S"*^^-* and b^^^ . 

Among all the terms in S'^^^ ^ there is only one term given by (dropping overall numerical 
factors) 

Lf = detef''~'\T, r)G^(A V^''A)(A7p,,A*) (2.84) 

which contributes non-trivially to the equations. The various other terms in S^^\ as well as 
their possible supervariations 5^^\ either do not give the required space-time structure, or 
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are inconsistent with closure of the superalgebra. Now L\ gives no contribution under the 
supervariation (5(3) into deteG'^A^'^(e*7^?/';). The contribution under 5^^^ into deteG^X^'^{eX*) 
is given by 

d^^^Lf^ ~ g(r, f)f''-^\T, r)deteG^A^^(eA*), (2.85) 

where 

5(3) a: ~ g(r, f){X'%,{Y''''l\cil,.pe*)a. (2.86) 
Closure of the supersymmetry algebra acting on A* yields the equation of motion 

7V^mA* + a'%Duq)G^''X^^ + . . . = 0, (2.87) 

thus leading to Duq ~ J(i2,-i2)^ From the constraints for A; = 0, it therefore follows that 

g(r,f)~/(ii'-")(r,f). (2.88) 

Using this, as well as the previous constraints, we are finally led to the coupled differential 
equations 

Z^^,/(i4,-i4) + Ai/(i^-i^) = 0, 

5_^5/(i5,-i5) + A2/(^^'"^^) + A3/("'-^^) f'^''-'^ = 0. (2.89) 
Combining the equations, we see that coupling for the G^X^^ interaction satisfies 

D,,D.,,f^'''-''^ = + a, (/(i2.-i2);(3,-3) + ^(n.-n)^{4,-4)) ^2.90) 

while the couphng for the G^X^^'j^ip'^ and G'^{G^"^PG*^^p)X^^ interactions satisfy 

D^.M^'''-''^ = + asf'^'''-''^f''-'\ (2.91) 

where we have used Dn/^^^'"") = /(i2,-i2)^ and Z^s/^^'-^) = /(4,-4)_ p^om (|2:90|) and (ICTD . 
we see that these couplings satisfy Poisson equations on moduli space sourced by interac- 
tions in S'(3). In fact, the interaction involving f^^~^^ is given by 

= dete/(^'-^)(r,f)G'^ (2.92) 

Let us give a heuristic derivation of fl2.89p . intuitively showing why this is the only 
possibility. Based on considerations of SL{2, Z) invariance and the fact that the set of 
interactions given in (I2.23p involving at least fifteen dilatinos is special, we see that the 
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most general system of equations that could have arisen from our analysis is (dropping 
various coefficients) 

^^^^(14,-14) ^ ^(15,-15) ^ ^(12,-12) ^(3,-3) _^ ^(11,-11) ^(4,-4) _ ^2.93) 
5„^5/(15,-15) + J(14,-14) _^ ^^(14,-14) + + + /(3,-3) + y(12,-12) ^(2,-2) _ (2.94) 

/^i4^?i - /(^^'-^^\ - 9.+ P.- f^'''-''\ (2.95) 

From (12:931) and fl2:95|) . we obtain 

^^^^(14,-14) ^ ^(12,-12)^(3,-3) ^ ^(11,-11)^(4,-4) ^ ^^^^^^ (2.96) 

leading to 

91 - f''^'''^ + /("'-i^)/(3-3), (2.97) 
from which one concludes that either both the terms involving 

j(12,-12) j(3,-3) j(ll -11) y(4,-4) 

are present in fl2.93p . or both are absent. We therefore get the set of equations fl2.93p and 

5-15/^'''"''^ + /(^^'-^^) + /("'-II) /(3.-3) ^ J(12,-12) ^(2,-2) _ ^ (2.98) 

Acting with on (12.981) . we see that the last term involving /(i2,-i2) j(2,-2) j^iust be absent 
because it gives a contribution 

but there is no term in the TZ^ multiplet which has modular weight 13. As we shall see 
later, this argument does not generalize to higher k because it is possible to have such a 
contribution from the D'^'^'TZ'^ multiplet for low enough k'. Finally, acting with D_i^ on 
(ESSD, we get 

^-15/^14/^'''^'^^ + /(^^•-^^) + /(3'-3) + /(12,-12) j(2,-2) ^ ^-(10,-10) ^-(4,-4) _ q_ (2.99) 

Now the last term in (12.991) involving /(^O'^^o) orig inates from D_i5(/(ii'-")/(4'-4)) and 
involves the interaction 

Lf = dete/(i°'-i°)(r,f)G'2Ai2_ (2_ioo) 
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However, this interaction has only fourteen dilatinos and is not expected to mix with the 
special set of interactions we are considering. Thus the terms involving both /(i2,-i2) j(3,-3) 
and /(ii.~ii)/{4,-4) are absent in ([23SD, and we have obtained fCTID and f lCTD . 

This generalizes to all k modulo the preceding caveat. 

As before, f l2.90p and (12.911) have been obtained by considering a specific space-time 
structure for the relevant interactions. Considering other space-time structures, we see that 
they give the same equations though with possibly different coefficients. This phenomenon 
clearly occurs for higher k as well as we shall see later. In fact, for > 4, it is crucial that 
there is more than one modular form of a given modular weight that arises this way. 

The k = 3 case is borderline and there might or might not be several modular forms 
for different space-time structures. This comes about because we know that the modular 
forms cannot receive perturbative contributions beyond genus three [1]. The genus three 
contribution of at least one of the modular forms is expected to be non-zero since it should 
be related by supersymmetry to the genus three amplitude of the D^TZ^ interaction. This 
genus three contribution is non-vanishing and is given by one loop supergravity in eleven 
dimensions compactified on [9,34,35] after using duality [16]. This computation actually 
gives the type IIA amplitude but the perturbative parts of the type HA and type IIB 
contributions are the same for the D^TZ^ interaction [1]. 

Now the source terms in (12.901) and (12.911) involving 

j(12-12)^ /^"'"^^\ f^^~^\ /(3-3) 

contribute at genus zero, one and two only. The genus three contribution only enters the 
Laplace equation part of (12.901) and (I2.9ip . and so it is possible to have only one modular 
form which gets its perturbative contributions this way. However, it is also possible to have 
more than one modular form where each form satisfies a separate Poisson equation with 
appropriate asymptotic behavior. 

We know that the genus three contribution to D^TZ'^ is non- vanishing [15]. So among the 
various contractions for G^, there should be one coefficient function with a non- vanishing 
3-loop contribution. Let us consider that particular coefficient function. Because the genus 
three contribution involves only the Laplace equation part of (12.911) . taking ~ rg"^ 

immediately leads tJll 

99 

«i = -y. (2.101) 



^This also has a solution r| which is inconsistent with string perturbation theory. 
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We now fix as using the expression for tfie genus zero amplitude in fl2T8|) . Tlie /(i4,-i4) 
amplitude is related by supersymmetry to the D^TV' amplitude and so we take 

up to an overall irrelevant constant. We need the perturbative parts of the weak coupling 
expansions for and f^^~^^ which are obtained by using 

TQf^'^-'^ = AV^D,D,DoE,/,, r(^)/(ii-")=2i°v^Dio...I^oi?3/2, (2.102) 
leading to 

/(^'-^)(r,r) = 2C(3)rr-^C(2)r,-^/' + ..., 

/("'-ii)(r,f) = 2C(3)r|/' - ^C(2)r-^/' + . . . , (2.103) 

after using (IB. 1630 . 

Equating terms of 0(r|) on both sides of (12.911) and using fl2.10ip . we find that 

«3 = -|. (2.104) 

o 

Similarly after equating terms of 0{t2) and 0{t2^), we can calculate the genus one and 
genus two contributions to The calculation of the genus three contribution is in- 

volved. It should be possibly by generalizing a similar calculation in [15]. Then one can also 
determine the non-perturbative contributions to which involves contributions from 

single D-instantons, and D-instanton/D-anti-instanton pairs. The first equation of f l2.89p 
then determines f(^^~'^^\ 

We can say something additional about the coefficient functions for other space-time 
contractions. Suppose we consider a different coefficient function Then it must 

satisfy 

D.mJ^'^'-'^^ = + a2/(i^'-") (2.105) 

Again using Berkovits' theorem [1], we find that the perturbative part of is given 

by 

~ r| + r2 + r,-i + r,-3 + . . . . (2.106) 
If the 3-loop contribution to /(i'*'"!^) is non-vanishing then it follows that 

99 

a, = (2.107) 
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and therefore is proportional to f('^^~^'^\ If the 3-loop contribution does vanish 

then the coefficient function can be hnearly independent. 

Employing supersymmetry, we see that the coefficient of the D^TZ^ interaction can 
also be a sum of modular forms only one of which must receive a perturbative 

contribution at genus three (call it Furthermore, each of these modular forms 

must satisfy 

4^1^/^°'°^^^^ (r, r) = AH/(°'°)«(r, f ) + \2^E,„{T, f)E,„{r, f). (2.108) 

Based on our discussion above, the source terms in f l2.108p are uniquely fixed by the modular 
properties of (12.1081) . Since 

j(o,o){i} j^g^g weight (0,0), the sources must also involve weight 
(0, 0) forms because there are no modular forms of weight (— g, q) to pair with forms of 
weight (g, —q) for any non-zero q. This follows because both coefficient functions multiply 
"chiral" couplings where by "chiral" ( "antichiral" ) we mean those couplings which have 
weight {q,—q) for positive (negative) q, or equivalently positive (negative) U{1) charge. 
For example, the A^^ coupling /(i2,-i2) chiral, whereas the (A*)^^ coupling /(~^2,i2) -g ^^^^ 
Note that none of these couplings are holomorphic with respect to r. 
Therefore f^^'^^^^^ satisfies 

4r|^/(°'°»°>(r,f) = 12/(°'°)W(r,f) + AE3/2(r,r)i?3/2(r,f). (2.109) 

Extracting the tree level contribution, we see that /(0'0){o} ^ 4C(3)V| which implies that 
A = —6. One can immediately compute the remaining perturbative contributions to 
j(0:0){o}^^^ These contributions have been computed in [15]. The numerical coefficients 
obtained from (12.1091) for the genus one amplitude matches the string theory computa- 
tion while the genus three contribution matches the supergravity computation exactly; the 
genus two amplitude is not known by either a direct string or supergravity calculation. 
Thus if there are any other modular forms f(^'^)i^\ they can only receive a perturbative 
contribution at genus two which is inconsistent with ( 12.108^ : hence they vanish. 

2.1.4 The source term contributions for A; > 3 

We now derive the structure of the equations which determine the couplings for general 
k. Some of the analysis is similar to the k = 3 case so we will be brief. We already know 
the contributions from 5'*^^"'"^'' and S^'^^ determined in section 12.1.11 so we focus only on the 
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source terms. Consider terms in the action S^^^'^'\ where k' < k. There are two kinds of 
interactions in S^''^'^''^ which are relevant for us. 
The first kind of interaction involves the terms 

Lf'^ = dete/('="'=''^'-'=)(r,f)G2('=-'=')(V'f^7.V'p])(A7f'^>''^). (2.110) 

Under the supervariation 5^'^'~^^\ they do not vary into deteG'^'^{e*'y^^p^)X^^. However, they 
vary into 

^(fc'+3)(^(fc-fc') ^ ^(/c-fe')) ^ ^^j(k-k',k'^k) ^ ^Jik^k',k'-k)^ deteG'^X'^eX*), (2.111) 
where 

^ t2{T,f)G'^''-'^X"'{Y'-^-^l,e*rG^,^,^,. (2.112) 
The other kind of interaction involves 

lI'-"'^ = detef''-''~'''''-''^'\T, f)G2(fc-fc'-i)(GM-PG*^^)2. (2.113) 

Under the supervariation 5^'^'"*"^^ this also does not vary into dete(j^'^(e*7'^?/'*)A^^ but it 
does vary into 

5(fc'+3)^(fc-fc') _ f(k-k'^i,k'-k+i)^^^ f)deteG''X''ieX*), (2.114) 

where 

5('='+3)A* = t,{T, f)G'^''-'^X''G,,,{Y'''e*)a, (2.115) 

after using the Fierz identity. From (12.1131) . it follows that this contribution exists only for 
k' < k — 1, and is absent for the k = 3 case. 
From closure of the superalgebra, we obtaiij^ 

n + f{l2 + k',-12-k') ^ + -11-fc') 

t, + t2r^ ts ~ /{i2+fc',-i2-fc') (2.116) 

which leads to 



^In calculating the closure condition involving t^, we use S^^^'X ~ eG. 
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Taking into account these source term contributions for all values of /c', we find the equations 
(again ignoring the numerical coefficients) 

7=) /■(12+fc,-12-A:) I /-(ll+fc.-ll-A:) 

^ ^ j{ll+fc',-ll-A:') j{k-k',k'-k) _|_ y(12+fc',-12-fc') ^ ^ g ^2 Hg) 

Note that the structure of the second equation in (12.1 ISp is strikingly similar to the holo- 
morphic anomaly equation satisfied by certain protected interactions in the effective action 
of = 2 string theory [36]. This is unlikely to be an accident! 

The coupling for the G'^^X^^ interaction therefore satisfies the equation 

k' 

while the coupling for the G'^'^X^^'^'^ip'^ and G'^(^"^)(G'^''^G'*^p)A^^ interactions satisfy 

n , sD f (ii+fc -ii-fc) _ ^ /.(ii+fc -ii-fc) 
J^-{i2+k)^ii+kJ — a-kj 

+ {dkk'f''^'''-''-"'^ f(k^k',k'-k) ^ g^^,^(i2+fc',-i2-/c') j ^ (2.120) 
k' 

where ak,bkk',Ckk',dkk', and e^k' are undetermined coefficients. We should note that the 
source terms in (I2.119P involve -Dn+fe acting on a product of two modular forms. This 
can give rise to sources that are cubic in modular formsj^ These cubic source terms ffist 
appear for couplings of order D^^TV" since the source terms involve products of a covariant 
derivative acting on a coefficient function from order D^TZ'^ multiplied with a coefficient 
function from order 7^^ [37]; see also [38] for related comments. 

As before, in deducing equations (I2.119P and (I2.120p . we have focused on the modular 
forms associated with interactions where the space-time structure involves = G^^^G^^^p. 
Modular forms of the same modular weights associated with other space-time structures 
will satisfy the same equations but with possibly different coefficients. So we should label 
these other coefficient functions with an extra index, which we will ignore for the sake of 
simplicity. 



^We would like to thank M. B. Green for discussions explaining this point. 
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2.2 Sufficiently large k 

The discussion above is strictly valid for sufficiently small k, since we cannot write G^*^ ~ 
(ipipy^ for arbitrarily large k because of the exclusion principle. Noting that 

where (7°7iy)a6 is a symmetric matrix, and that allows for 160 indices to be assembled, 
we see that for k > 40, we have to take 

(2.121) 

Thus = 40 and we can absorb 80 powers of the derivative in the fermions and the 
remaining powers in G. However, the explicit value of k where this transition occurs is not 
really needed in our analysis. 

We again consider the interactions 

= dete/(l^+'='-^2-fc)^^^-)^2(fc-40)(_Q^^^)80;^16^ 

4'=+^) = dete/(ii+'^'-"-'=)(r,f)G'2('^-40)(_6z^^)80^i5^M^*^ 

Lf+^) = dete/(ii+'='-"-^')(r,f)G'2('=-40)(-6z^^)^«(G"^'^^G';,^)Ai^ (2.122) 

The analysis is very similar to the k < N case and leads to the same conclusions. In various 
places, there are some modifications needed with 

(_6z^^)2A^ ^ G2(fe-40)(_g^^^)80^ (^_Q^^^yik-i) _ G^^^-^°\-6tiPtpy^ 

The only issue is to explicitly see the appearance of modular covariant derivatives with the 
correct modular weights in the supervariations and the closure of the superalgebra. This 
happens by adding a compensating U{1) gauge transformation in the supervariation of G^j^^p 
given by 

S'-^'^G.^p = '-{e\* - e*\)G,,p, (2.123) 

to that given in (I2.59P and (]2.60p . This is fixed by the fact that G^i^p has U{1) charge 1. 
The resulting equations for the couplings take the same form given in (12.1191) and (12.1201) . 

3 Some Consequences of the Poisson Equations 

We now explore some consequences of the Poisson equations (12.1191) and (I2.120p . We will 
argue that these protected interactions satisfy a perturbative non-renormalization theorem. 
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We also demonstrate various qualitative features of specific protected interactions based on 
constraints of unitarity and known perturbative amplitudes. 

3.1 A perturbative non— renormalization theorem 

From the structure of either (12.1191) or fl2.120p . we want to argue that our special couplings 
can receive only a finite number of perturbative contributions. This follows from noting 
that for low values of k, the couplings have this property as we have explicitly seen. We can 
then apply induction to argue the same result for all k because the source terms themselves 
at each step only involve a finite number of perturbative contributions. 

The remaining issue is to constrain perturbative contributions for the terms multiplying 
the Ofc coefficients which are present in the absence of the source terms. So we consider the 
source-free Laplace equation. Solutions to this equation receive at most two perturbative 
contributions which completes the argument. 

As we have discussed earlier, it seems quite plausible that this special renormalization 
property will extend to all terms in the supermultiplet of couplings related by supersymme- 
try. So we might reasonably expect that the D^^TZ'^ coupling has this property. Regardless, 
we can conclude that there are an infinite number of protected interactions in type IIB 
string theory. Each interaction receives only a finite number of perturbative contributions 
together with a collection of non-perturbative contributions. 

3.2 The k = A case and aspects of the D^TV' interaction 

Let us analyse the = 4 case in more detail. This is the first case where unitarity con- 
straints require a new type of perturbative contribution to modular forms which multiply 
interactions that are not vanishing on-shell. The source terms for the D^TZ^ interaction are 
given by a particular interaction in S^^^ (related by supersymmetry to &\^^) that vanishes 
on-shell, but is needed on the basis of unitarity constraints [39]. To see this, as well as to 
understand some aspects of the prototype D^TZ^ interaction, let us briefly discuss non-local 
terms in the effective action. 

Since we are looking at the IPI effective action, we allow massless modes to propagate 
in loop amplitudes. This leads to terms in the effective action which are non-analytic in the 
external momenta and are therefore non-local. This problem can be avoided by looking 
at the Wilsonian rather than IPI effective action but at the cost of sacrificing duality 
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mvariance. 

The behavior of this non-analyticity is dimension-dependent. In ten dimensions, it is 
logarithmic. In a string-frame scattering computation with string metric, g^y, there are 
terms involving 

ln(s) = Hg^^^k^K) = H^^g'^'k.k,) = Hy^s) = hn{T2) + ln(s) (3.124) 

where gfj_i, denotes the Einstein frame metric. So we can attribute any ln(r2) terms in the 
coefficient functions of local couplings in Einstein frame to non-local interactions in string 
frame. These non-local interactions can therefore contribute to the modular forms for the 
D'^^TZ'^ and related interactions, and must be considered in our analysis. 

Some of these non-local terms in the effective action have been analyzed based on 
unitarity [16], and the first few are schematically given in the string frame by 

a'^{s\n{-a's) + a'^'""^ E-i/2sHn{-a' s) + a'^r:^^ sHYi^{-a' s) + . . . )7^^ (3.125) 

where we have dropped the additional terms needed to symmetrize in s, t, and u for brevity. 
The 0{a'^) contribution in (13.1251) is at genus one, the 0(a'^) contribution is at genus one 
and two, while the 0{a'^) contribution is at genus two only. In Einstein frame, these 
non-local terms make a contribution from 

a'^(hiT2S + a'^Es/alnraS^ + a'^hiT^fs^ + . . . )7^^ (3.126) 

to the local terms in the effective action. So we see that the modular form for the D^TZ'^ 
interaction receives contributions logarithmic in T2. It is reasonable to expect that there 
might be similar logarithmic terms in the G^X^^'^^if)*^ interaction. 

Note that the first term in (13.1261) vanishes on-shell using s + 1 + u = Q\ however, we 
need to consider its effect as a source term for the higher derivative interactions [39]. In 
fact, integrating by parts, we see that this term does survive in the effective action for non- 
constant T at order D^TZ'^. We denote the complete modular form for D'^TZ* by Z(r, f), 
remembering that it receives a perturbative contribution only at genus one proportional 
to ln(r2). By acting on this modular form with a suitable number of modular covariant 
derivatives, we get source terms for the Poisson equations satisfied by the various protected 
interactions. 

Returning to the interactions in fl2.120|l ^. it follows from [1] both that there are no 
perturbative contributions beyond genus four, and that the perturbative contributions are 
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There is a similar analysis for (|2.119p . 
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the same in type IIA and type IIB. From [16], we know that the genus four amphtude for 
the D^TZ^ interaction in type IIA string theory is non-vanishing; consequently, we expect 
the genus four G^X^^'-f'^ip* amplitude is non-vanishing as well by supersymmetry. The 
genus four contribution to D^TZ^ is completely determined by the one loop four graviton 
amplitude in d = 11 supergravity compactified on together with duality [9,34,35]. 

Because the genus zero and genus four amplitudes are both non-vanishing, and the 
source terms in fl2.120p come from the products of modular forms in the TZ'^ and D^TV" 
supermultiplets which contribute only at genus one and two, there cannot be a single 
coefficient function satisfying a single Poisson equation: there must be at least distinct two 
modular forms! 

The different spacetime structures involving G'^A^^7'^'?/'* must give at least two indepen- 
dent modular forms of the same modular weight. One of them has a genus zero contribution 
~ T^"^ (but no genus four contribution) and satisfies 

D-M^'^-''\r,f) = -^-^fi'''-''\r,f) + sources, (3.127) 

lo 

while the other has a genus four contribution ~ Tg^^^^ (but no genus zero or genus three 
contributions) and satisfies 

D^,,D,,ff''-''\r,f) = -^/(^^'-i^)(r,f) + sources. (3.128) 

lo 

It would be interesting to understand whether a logarithmic r2-dependence appears in the 
G'^A^^7^?/'* or G^X^^ interactions. Our analysis implies that there can be a logarithmic 
dependence only if the sources from D^TZ'^ contain a logarithmic dependence. In principle, 
this can be determined by direct computation of all the sources at order D^TZ^. 

There are alternative approaches that involve direct computation. The first is to per- 
form an explicit calculation of the genus one amplitude in ten dimensions. The second 
involves compactifying on a circle and studying the ten-dimensional limit to analyze the 
contribution to the threshold corrections that come from the Kaluza-Klein modes. Both 
these calculations are technically involved. 

What we can conclude is that the various space-time structures in the deteG^A^^ in- 
teraction must yield at least two independent modular forms, even though each separate 
space-time structure gives rise to only one modular form. That the D^TZ'^ interaction has a 
unique space-time structure can be seen from (12.781) . The discussion above shows that the 
coefficient function f^a^i, which multiplies this D^TZ'^ interaction, must split into at least 
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two modular forms 



?(0,0) _ , ?(0,0) 



/Sl = /r^ + /r^ + ---- (3-129) 



The modular forms, /{ ' and ' , receive perturbative contributions at genus zero (but 
not at genus four) and genus four (but not at genus zero or three) respectively. They satisfy 
the equations 



4r,^^/r^r, r) = ^/rV, -) + -ii^3/.(r, r)Z(r, r) 



4r|^/rV, r) = ^/f '°)(r, f) + z.2i?3/2(r, f )Z(r, f). (3.130) 
From (12.781) . ignoring overall coefficients, we take 

/f '0) = C(7)rJ/V . . . . (3.131) 

Substituting into fl3.130p gives 

/r = C(7)rr - ^C(3)rr (1 + 4 Inr,) + '-^r,''\l - 4 Inr,) + a,r,'/' + . . . , 

lo 48 

= -^C(3)rr(l + 12 1nr.) + ^r-^/^(l-12 1nr.)+a,r-^/V..., (3.132) 

using 

Z(r,f) = lnr2 + .... (3.133) 

In (I3.132p . as and 04 are the genus three and genus four contributions, respectively, while 
the dots represent contributions from D-instantons. 

Note that (13.1321) has lnr2 contributions at genus one and two, which is consistent with 
the structure in (13.1261) . Also the r|^^ part of the genus one amplitude for the D^TZ'^ 
interaction vanishes [40], and so the sum of the contributions to r^^^ from all the modular 
forms must vanish. 

There is an interesting observation that follows if we assume that there are precisely 
two modular forms for D^TZ'^. This is the minimal possible number. In this case, z/i and 1^2 
are related by the condition 

z/2 = -9z/i (3.134) 

which ensures that the r^''^ contribution vanishes. However this also implies that the 
contribution vanishes which leaves only the non-analytic contribution at genus two as well 
as genus one. The genus two contribution is currently unknown. It would be interesting to 
see if this is indeed the case. 
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3.3 The k > 5 case and aspects of the D^^TZ'^ interaction 

As a final application, let us consider the k = 5 case and impose the constraint that the 
modular forms cannot receive perturbative contributions beyond genus five [1]. Also the 
genus five amplitude is non-vanishing in type IIA string theory, as can be seen from the 
one loop four graviton scattering amplitude in ci = 11 supergravity on [9]. So it is 
natural to expect that the genus five type JIB amplitude is non-vanishing as well0 In fact, 
if one considers the supermultiplet generated by the part of the four graviton scattering 
amplitude involving contributions only from the even-even spin structures (which involve 
the space-time structure tgtgi?^), the perturbative equality follows trivially for all k. The 
difference arises for the odd-odd spin structure contributions (which involve the space-time 
structure eioCio-R^). The tree level amplitude in f l2.78p involves the even-even spin structure 
contributions, and we focus only on that part in the discussion below. 

Consider (12.1191) where the source terms arise in two different ways: (i) they either 
involve the products of modular forms in the TZ^ and D^TZ'^ supermultiplets, or (ii) the 
squares of modular forms in the D'^TZ^ supermultiplet. In either case, the source terms 
receive perturbative contributions up to genus three only. Assuming that the genus four 
contribution is non-vanishing, it follows that the genus four and five contributions must 
both be given by the Laplace equation part of (12.1191) . which is not possible. 

It immediately follows that there should be at least two modular forms fi ' and 
/2^^' which receive perturbative contributions at genus four ~ and genus five ~ 
respectively. Thus they satisfy the equations 

Di^D^nfl^^' ^'^^ = — 63/1^''' ^'^^ + sources, 
D,eD^,rff''-''^ = -^-^fT''''' + sources. (3.135) 

Note that f^^"^'^^"^^ ifi^'^'^^'^^) does not contain a perturbative contribution at genus five 
(four). There can be more modular forms f-^"^' some of which receive perturbative 
contributions up to genus three, while others receive perturbative contributions at genus 
four or five (but not both). 

As before, different space-time structures in deteC^^A^^ must yield at least two inde- 
pendent modular forms, though each separate space-time structure gives rise to only one 

^^The proof by Berkovits [1] demonstrating perturbative equality for type IIA and type IIB stops at 
k — 4. It can probably be extended to higher values of k along the lines of [41]. 
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modular form. This phenomenon continues for higher k as well, unless some perturbative 
contributions vanish for a specific value of k. 

What does this imply for the D^^TZ^ interaction? From fl2.78p . we see that there is again 
a unique space-time structure, and so the discussion above shows that the modular form 
/dio-L* multiplying this interaction must split into at least two modular forms 

/So^*-/r + /r^ + ..., (3.136) 

where /^°'°'' (/2°'°'') receives perturbative contributions at genus four (five), but not at genus 
five (four). In fact, they must satisfy 

92 
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4r^^/2°'°V, r) = 42/f f) + fi2Es/2{r, f)E,/,{r, r) + X,Z{t, ff. (3.137) 

The source terms in (13.1371) are determined from the constraints that at this order they be 
(a) quadratic in lower coefficient functions with non-negative U{1) charge (b) of modular 
weight zero. These are sufficient conditions to determine the sources at this order in the 
momentum expansion. 

Let us analyze (13.1371) in some detail. From (I2.78p . ignoring overall coefficients, we take 

#°) = C(3)C(5)r2^ + ..., (3.138) 

for i = 1,2. This immediately leads to 

/il = -2, /i2 = -y, 
= C(3)C(5)r2^ + ^C(2)C(5)r| + f4c(3)C(4) - ^ f 7^ - ^ Inr^ + (Inr^) 
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= am^)r^ + ^C(2)C(5)r| + [^C(3)C(4) - ^(|^ " ^ lnr2 + (Inr^)^) 

20 

+ -^C(2)C(4)r2-' + a5r2-' + ..., (3.139) 

where 04 and as are the genus four and five contributions, respectively. The dots represent 
contributions from D-instantons. 

From fl3.126p . we see that the total contribution to the genus two amplitude proportional 
to lnr2 vanishes so the sum of all such contributions from the various modular forms must 
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vanish. The genus one contribution proportional to C(2)C(5) is consistent with a direct 
string one loop calculation [40]. Though we do not have sufficient perturbative data to fix 
tti and 05, we can keep only the contributions from the terms involving /xi and ^2 in fl3.137p 
to obtain their dependence on the zeta functions. To do so, we proceed exactly along the 
lines of [15], and so we mention only the results. 

Mutiplying the equation involving f^'^^ by Ej{t, f), and integrating over the fundamen- 
tal domain of SL{2, Z) gives 
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as 



00 ^ 

5^-Mn,3/2)Mn,5/2), 



13%^ ^ n- 

n=l 



(3.140) 
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where we have used both ( IB. 1631) and ( IB. 1651) . the Rankin-Selberg formula 

dxx^Ki{x)K2{x) 

Similarly, multiplying the equation involving f[^'^^ by -E5(r, f ) and using 

dxx'^Ki(x)K2(x) = 2, 



.1661) . and 
(3.141) 



we find 



4 



04 



277r- ^ n 

n=l 



00 

5^-Mn,3/2)Mn,5/2). 



(3.142) 



(3.143) 



Finally, we use Ramanujan's formula [42] 

^1 C(r)C(r + 2 s- l)C(r + 2s' - l)C(r + 2^ + 2s' - 2) 



n=l 

to obtain 



C(2r + 2s + 2s' - 2) 
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04 



■7r^C(6), 05 



:vr^C(8). 



(3.144) 



(3.145) 



4050 " 2835 
Taking into account only the terms involving fii and fi2 in fl3.137p . the non-perturbative 
contributions to f^^'^^ can also be evaluated along the lines of [15]. These correspond to 
D-instantons effects as well as contributions from D-instanton/D-anti-instanton pairs. 

As a consistency check for the genus five amplitude, consider the four graviton amplitude 
in (i = 11 supergravity at one loop on [9]. Using f l2.78p to fix relative normalizations, 
we obtain terms in the amplitude in string frame given by 

a" (^§^^2 + t' + u') + ... + ^C(8)r,-«W^(., t, u))n\ (3.146) 
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where 



w'{s, t, u) = g% + gl + gl = ^^{s' + t' + u') (3.147) 



after using 

Qlt = J J duJ2 J duJiySUi^Us - iJ2) +t{uj2 - UJi){l - UJ3)j . (3.148) 

Hence the genus five contribution in fl3.145p . which is proportional to 7r^C(8), is consis- 
tent with considerations of supergravity and duahty. Similarly, we expect the genus four 
amplitude to be proportional to 7r^C(6). 

This structure gets more involved for higher values of k where both the D^^TV" and the 
Q2kyi& interactions have different space-time structures. The first case occurs for k = 6 
where the D^^TV" interaction yields both 

{s^ + e + u^fn" and {s^' + e + u^fn" 

when expressed in momentum space. Some or all of the different space-time structures can 
give different modular forms. However, for the D^^TZ'^ interaction, the modular form that 
multiplies a particular space-time structure can further split into a sum of independent 
modular forms as we saw above. This cannot happen for the G^^X^^ interaction based on 
our general analysis. 

From considerations of the four graviton amplitude at one loop in d = 11 supergravity, 
one can argue that the D^^TV" interaction does not receive perturbative contributions be- 
yond genus k in type HA string theory [16]. The same is true in type HB string theory if 
we restrict to the t^t^D'^^R^ part of the amplitude. So for A; > 5, we see that the source 
terms in (12.1191) and (12.1201) contribute up to genus k — 2. The Laplace equations must then 
provide the genus k — 1 and k contributions. So there must be at least two independent 
modular forms of a given weight. 

Let us denote the two modular forms which receive contributions at genus k — 1 (but not 
at genus k) and k (but not at genus /c — 1) by f^^^^' u-k) ^.^(ii+fc.-ii-fc)^ respectively. 
Then the behavior 

^(ll+A;,-ll-fe) (7-3fc)/2 ^(ll+fe,-ll-A;) 3(l-fc)/2 /o i 

Jl ~ T-2 5 /2 ~ T-2 (3.149) 

constrains (12.1191) and fl2.120j) as follows 

n n .(ii+fc,-ii-fe) (A^--29)(5A^+17) 

^-(i2+fc)^ii+fc/i = Yq + sources, 

n n y.(ll+fc,-ll-fc) (^-25)(5/i; + 21) (ii+fc /Q 1 p:n^ 

D_^i2+k)Dii+kf2 = + sources. (3.150) 
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This leads us to conjecture that the genus k — 1 coefficient of D'^^TZ^ is T^'^C,{2k — 4) up 
to a rational proportionality constant for > 3. This is proportional to the genus k — 1 
contribution to D'^^^^^^IZ'^ as shown in [16]. 
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A Useful Formulae from Type IIB Supergravity and Some Spino- 
rial Identities 



The spinors in type IIB string theory are chiral spinors. The dilatino, A, and the gravitino, 
have opposite chirahties while the supersymmetry parameter, e, has the same chirahty 

as the gravitino. 

The relevant linearized supersymmetry transformations are 



5(0) 
5We 



r 



5WA 



2r2e*A, 5^°^ = -2r2eA*, 



+ 



1 



1680 



+ 



32 



9 



:1^.Y + 



A 



{Yif^^l"'""'' + ^7^^''^''^7M)eA7pip.P3A + ^7.7''^-''^eA7p,...p,A 



+J#^(eA*) - ^iV'^(e*A), 



(A.151) 



where 



2r2 



^;a, 



-'^^5 Ml---/"6 -'^5 /Lil.../i5 



^V'[;Ul7(U2M3/i4V'M6] g A7^i . . .^g 



A. 



(A.152) 



There are useful relations for the dilatinos: 



1 



(\r\ — f \ai \ar 

\^ Mr+i---ai6 ^|Cai---ai6^ ^ ) 

{X}'^)abXcXd — X^^{5achd — ^adhc)-, 

{X^'^)ahXc = {X}^)i,5ac — (A^^ja^fec, 



(A. 153) 



Our metric has signature mostly plusses and the gamma matrices are real with the transpose 
given by 

7%^ = -(7^^) V- (A.154) 
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Some useful relations involving gamma matrices are summarized below: 

7''7.7m = -87., Ylup.l>. = -^lupa, 7/..7'''^^ = -727", (A.155) 

7'*7i^i---fc'67/i 0) 7'' ^^(y'^\xvp ^SS'/ij, ^^c\(yi1p,vp ^^(y\c^21 

r^U-^Pr^ ^ — —48^ r^\^^Pr^ ^ — 48^ r^P'^P^ ^ — f) 

/ ;cricr2<T3 //ii/p — )'cricr2iT3) / l<j\---ai fp.i/p — J(Ti---a4i f 1cfv<T5 Ip-fp — 

; ;^I/p — '■^'J) ; IHip,2P-3P.i — ^U'iU, / ;M1M2M3/*4M6 — -JUZ.'iU. 

Conjugation for the spinors is defined by 

(to)* = -to*- (A.156) 
For spinors (Ai, A2, A3) of the same chirality, we have the relations 

Y'-''^i{^2i,.-,M = 0, 

Ai7^A2 = -A;7^At, 
Ai7''"a2 = y^j'^'^'Xl (A. 157) 

We extensively use the Fierz identity involving two spinors Ai and A2 of the same 
chirality 

= WA17? + ^A27^^''A,7^p - ^ W^-^^A^;?...,,. (A.158) 
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B Useful Properties of Modular Forms under 51/(2, Z) 

A modular form $("^'")(r, f) of weight (m, n) transforms under the SL{2, Z) transformation 

CT + a 

according to the rule 

(T,t) ^ (cT + ci)'"(cf + ci)"$('"''*)(T,f). (B.160) 
We define modular covariant derivatives as 

- / Tl\ 

Dn = -t(r2-^ + t^), (B.161) 

which take 

_^ ^{'>n+l,n-l) ^ — > (B.162) 

The modular invariant non-holomorphic Eisenstein series of order s for SL{2,Z) is 
defined by [43] 

Es{T,f) = J] 



2s 



= 2C(2.)r| + 2V^Tt' ^^'~^^^^^k {2s - 1) 

+ ^T^E l^l'~'^'/^(^'^)^-V2(27rr2|A;|)e2-^-, (B.163) 

where 



m>0,m\k 



We also use the representation 



E,{T,f) = 2a2s) J2 M7-rr, (B.165) 
7eroo\5L(2,z) 



and the Rankin-Selberg formula [43] 



E ^(7-^)/W=/ ^^(^2)/ rfri/(r), (B.166) 

•^^ '^2 ^^r„\crroy.^ -^0 T2 7-1/2 



T6roo\5L(2,Z) 

where T is the fundamental domain of SL{2, Z). 
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